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GEOMETRIC PROPERTIES OF GENERALIZED SYMMETRIC
SPACES
E. CALVIN˜O-LOUZAO, E. GARCI´A-RI´O, M.E. VA´ZQUEZ-ABAL, R.
VA´ZQUEZ-LORENZO
Abstract. It is shown that four-dimensional generalized symmetric spaces
can be naturally equipped with some additional structures defined by means
of their curvature operators. As an application, those structures are used to
characterize generalized symmetric spaces.
Introduction
The study of the curvature is a central problem in pseudo-Riemannian geometry.
It is well-known that the existence of some additional structure (Ka¨hler, Sasakian,
quaternionic Ka¨hler, etc.) strongly influences the properties of the curvature. The
Ka¨hler form of any four-dimensional Ka¨hler manifold (or more generally, of some
classes of Hermitian or almost Ka¨hler manifolds) is an eigenvector of the self-dual
Weyl curvature operator. A less explored problem is the converse one, which focuses
on the existence of some conditions on the curvature which allow the construction of
additional structures on the manifold, aimed to characterize the underlying geome-
try in terms of the properties of the new structures. The generalized Goldberg-Sachs
Theorem is a classical example (see [2] and the references therein), showing that any
Einstein four-dimensional manifold with a special self-dual Weyl curvature operator
is naturally endowed with a complex structure resulting in a locally conformally
Ka¨hler manifold.
The purpose of this paper is to contribute to the above general problem by
showing some characterization results of a specially nice class of pseudo-Riemannian
manifolds, namely the four-dimensional generalized symmetric spaces. It is a well-
known fact that any 3-symmetric space admits an almost Hermitian structure. In
this paper we investigate the existence of some additional structures on generalized
symmetric spaces. Our approach is based on the study of the curvature operator
and the possibility of constructing some structures induced by certain 2-forms which
exhibit a distinguished behaviour with respect to the curvature operator, inspired
by the Goldberg-Sachs Theorem.
We show that any four-dimensional generalized symmetric space is either confor-
mally symmetric (i.e., the Weyl curvature tensor is parallel) or otherwise the self-
dual and the anti-self-dual Weyl curvature operators have a distinguished eigenvalue
of multiplicity one. Local sections of the corresponding one-dimensional eigenbun-
dles define a structure of symplectic pair and we will show that the different classes
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of four-dimensional generalized symmetric spaces are characterized by the proper-
ties of these structures.
Generalized symmetric spaces have been extensively investigated from different
points of view during the last years. Curvature properties of four-dimensional
generalized symmetric spaces have been firstly considered in [12] and later used
in [13] and [24] to investigate their underlying pseudo-Riemannian structure and
parallel hypersurfaces in those model spaces. The existence of harmonic vector fields
and Ricci solitons has been studied in [5] and [10]. Finally, it is worth mentioning
that some additional complex and para-complex structures on four-dimensional
generalized symmetric spaces have been constructed in [11].
The paper is organized as follows. We recall some basic material in Section 1,
focusing on the decomposition of the curvature operator and the existence of al-
most Hermitian and almost para-Hermitian structures in dimension four. Walker
structures appear in a natural way and we recall some general facts in Section 1.3
to be used in subsequent sections. The geometry of four-dimensional generalized
symmetric spaces is treated in Section 2, where their curvature is investigated and
some additional structures are constructed. Finally, we use these structures in Sec-
tion 3 to characterize the different types of four-dimensional generalized symmetric
spaces. Although we have tried to avoid calculations as much as possible, an Ap-
pendix is included with a detailed expression of the Levi-Civita connection and the
curvature tensor for the three classes of four-dimensional generalized symmetric
spaces.
1. Preliminaries
Throughout this paper, (M, g) is a pseudo-Riemannian manifold and R denotes
the curvature tensor taken with the sign convention R(X,Y ) = ∇[X,Y ]− [∇X ,∇Y ],
∇ being the Levi-Civita connection. The Ricci tensor, ρ, and the corresponding
Ricci operator, Ric, are given by ρ(X,Y ) = g(RicX, Y ) = trace{Z 7→ R(X,Z)Y }.
The scalar curvature τ is defined as the trace of the Ricci tensor. Finally, we denote
by ◦ the symmetric product given by ξ1 ◦ ξ2 = 12 (ξ1 ⊗ ξ2 + ξ2 ⊗ ξ1).
The curvature of any pseudo-Riemannian manifold (M, g), as an endomorphism
of the space of 2-forms Λ2 = Λ2(M), naturally decomposes under the action of the
orthogonal group as R = τ
n(n−1) IdΛ2 +ρ0 +W , where n = dimM , ρ0 = ρ− τng is
the trace-free Ricci tensor and W is the Weyl curvature tensor.
1.1. Four-dimensional geometry. In dimension four the Hodge star operator
allows to define the self-dual and anti-self-dual Weyl curvature operators. Let M
be a manifold and g a metric of arbitrary signature. Let {e1, e2, e3, e4} be an
orthonormal basis and let {e1, e2, e3, e4} be the associated dual basis. Considering
the space of 2-forms
Λ2(M) = Span{ei ∧ ej : i, j ∈ {1, 2, 3, 4}, i < j},
the Hodge star operator ⋆ acts on Λ2(M) as
ei ∧ ej ∧ ⋆( ek ∧ eℓ) = (δikδjℓ − δiℓδjk) εiεj e1 ∧ e2 ∧ e3 ∧ e4,
where εi = g(ei, ei) and δ
j
i denotes the Kronecker symbol. The properties of the
Hodge star operator depend on the signature of g and it defines a product structure
in the Riemannian and neutral signature settings (i.e., ⋆2 = IdΛ2(M)), inducing a
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splitting Λ2(M) = Λ+(M)⊕Λ−(M), where Λ+ = Λ+(M) and Λ− = Λ−(M) denote
the spaces of self-dual and anti-self-dual 2-forms, respectively:
Λ+ = {α ∈ Λ2 : ⋆α = α}, Λ− = {α ∈ Λ2 : ⋆α = −α}.
An orthonormal basis for the self-dual and anti-self-dual space is given by
Λ± = Span{E±1 , E±2 , E±3 },
where
(1)
E±1 = (e
1 ∧ e2 ± ε3ε4e3 ∧ e4)/
√
2,
E±2 = (e
1 ∧ e3 ∓ ε2ε4e2 ∧ e4)/
√
2,
E±3 = (e
1 ∧ e4 ± ε2ε3e2 ∧ e3)/
√
2.
The induced metric on Λ2 is given by
〈〈x ∧ y, z ∧ w〉〉 = g(x, z)g(y, w)− g(y, z)g(x,w),
which is Riemannian if g is positive definite or of signature (−−−−++) if g is of
neutral signature (2, 2). Moreover, in the latter case, the restrictions of the metric
to the subspaces Λ± are of Lorentzian signature (− − +) and {E±1 , E±2 , E±3 } is an
orthonormal basis where E±1 are spacelike and E
±
i are timelike for i = 2, 3.
Since Λ2 splits under the action of the Hodge star operator so does the curvature
acting on the space of 2-forms as
R =
τ
12
IdΛ2(M)+ρ0 +W
+ +W−
whereW± = 12 (W±⋆W ) denote the self-dual and the anti-self-dual Weyl curvature
operators.
1.2. Almost Hermitian and almost para-Hermitian structures. An almost
Hermitian manifold is a pseudo-Riemannian manifold (M, g) equipped with an or-
thogonal almost complex structure (i.e., a (1, 1)-tensor field J satisfying J2 = − Id
and J∗g = g). Any almost Hermitian structure (g, J) gives rise to a 2-form
Ω(X,Y ) = g(JX, Y ) inducing an orientation which agrees with the one defined
by the almost complex structure in the Riemannian case. However, if the metric g
is of signature (− − ++) then both J and Ω induce opposite orientations. Hence,
orienting M by the almost complex structure, the Ka¨hler form Ω is self-dual in the
positive definite case and anti-self-dual in the neutral signature case. A straight-
forward calculation shows that Ω is a spacelike section of Λ+ or Λ− (depending
on the signature of g) and conversely, any such spacelike section defines an almost
Hermitian structure on M . Moreover, (M, g, J) is said to be almost Ka¨hler if the
2-form Ω is closed and (M, g, J) is said to be Ka¨hler if, in addition, the almost
complex structure is integrable (or, equivalently, the Ka¨hler form Ω is parallel).
A para-Ka¨hler manifold is a symplectic manifold admitting two transversal La-
grangian foliations (see [34] and the references therein). Such a structure induces
a decomposition of the tangent bundle TM into the Whitney sum of Lagrangian
subbundles L+ and L−, that is, TM = L+ ⊕ L−. By generalizing this definition,
an almost para-Hermitian manifold is an almost symplectic manifold (M,Ω) whose
tangent bundle splits into the Whitney sum of Lagrangian subbundles. This defi-
nition implies that the (1, 1)-tensor field J defined by J = πL+ − πL− is an almost
para-complex structure (i.e., J2 = Id on M) such that Ω(JX, JY ) = −Ω(X,Y ) for
all X,Y ∈ ΓTM , where πL± are the projections of TM onto L±. The 2-form Ω
4 E. CALVIN˜O-LOUZAO, E. GARCI´A-RI´O, M.E. VA´ZQUEZ-ABAL, R. VA´ZQUEZ-LORENZO
induces a non-degenerate (0, 2)-tensor field g on M defined by g(X,Y ) = Ω(JX,Y )
such that g(JX, JY ) = −g(X,Y ) for all X,Y ∈ ΓTM . It follows now that the
2-form Ω defines a timelike section of Λ+, and conversely, any timelike section of
Λ+ defines an almost para-Hermitian structure. Finally, an almost para-Hermitian
structure (g, J) is said to be almost para-Ka¨hler if the associated 2-form Ω is closed.
Throughout this paper an almost para-Hermitian structure is said to be opposite
if the para-Ka¨hler form Ω ∈ ΓΛ− and an almost Hermitian structure is said to be
opposite if the Ka¨hler form Ω ∈ ΓΛ− (Ω ∈ ΓΛ+ in the neutral signature case).
The existence of a (para)-Ka¨hler structure strongly influences the curvature of the
manifold since, in any case, the (para)-Ka¨hler form is a distinguished eigenvector
of the self-dual Weyl curvature operator, which is diagonalizable of the form W+ =
diag τ12 [2,−1,−1]. We emphasize that the Ka¨hler form is anti-self-dual in the almost
Hermitian neutral case of signature (2, 2) so the above holds true for the anti-self-
dual curvature operator W− in this case.
A symplectic pair on a four-dimensional manifoldM is a pair of non-trivial closed
2-forms (ω, η) of constant and complementary ranks, for which ω (resp. η) restricts
to the leaves of the kernel foliation of η (resp. ω) as a symplectic form [4]. Then
Ω± = ω ± η are symplectic forms on M compatible with different orientations.
Indeed, a symplectic pair can be equivalently defined by two symplectic forms
(Ω+,Ω−) satisfying
(2) Ω+ ∧ Ω− = 0, Ω+ ∧ Ω+ = −Ω− ∧ Ω− .
If (Ω+,Ω−) is a symplectic pair, then the kernels of Ω+ ± Ω− define comple-
mentary foliations with minimal leaves, and conversely, any symplectic pair on a
four-dimensional manifold is given by a pair of two-dimensional oriented comple-
mentary minimal foliations on M [4, 6].
1.3. Walker structures and Riemannian extensions. It is immediate to rec-
ognize that the ±1-eigenspaces of a para-complex structure J define isotropic sub-
bundles L± of TM which are parallel (i.e., ∇L± ⊂ L±) in the para-Ka¨hler setting.
Hence any para-Ka¨hler manifold has an underlying Walker structure, i. e. it ad-
mits a parallel distribution where the metric tensor degenerates (see [7] for more
information on Walker manifolds).
A special family of Walker structures is the one defined by the so-called Rie-
mannian extensions (we refer to [41] for further details and also to [16, 38] for a
modern exposition). Since Riemannian extensions will also play a distinguished role
in our study, next we recall their construction. We restrict to the four-dimensional
setting, which is the purpose of this paper. Let (Σ, D) be an affine surface, denote
by T ∗Σ its cotangent bundle, and let π : T ∗Σ→ Σ be the canonical projection. For
each symmetric (0, 2)-tensor field Φ on Σ, T ∗Σ can be naturally equipped with a
pseudo-Riemannian metric gD,Φ of signature (−−++), the Riemannian extension
of D and Φ, which is determined by
gD,Φ(X
C , Y C) = −ι(DXY +DYX) + (π∗Φ)(XC , Y C),
where XC , Y C are the complete lifts to T ∗Σ of vector fields X , Y on Σ and ι is the
evaluation map. In the induced coordinate system (xi, xi′ ) on T
∗Σ, the Riemannian
extension is given by
(3) gD,Φ =
( −2xk′Γkij +Φij Id2
Id2 0
)
,
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with respect to the local basis of coordinate vector fields, where Γkij are the Christof-
fel symbols of the affine connection D with respect to the coordinates (xi) on Σ
and Φ = Φijdx
i ⊗ dxj . Moreover the distribution D = ker π∗ is null and parallel.
Riemannian extensions relate the affine geometry of (Σ, D) with the pseudo-
Riemannian geometry of (T ∗Σ, gD,Φ) and moreover, they are the underlying struc-
ture of many Walker manifolds. For instance, self-dual Walker manifolds as well as
Ricci flat Walker manifolds are Riemannian extensions up to some modifications
(see [7, 30] for details).
2. Four-dimensional generalized symmetric spaces
Symmetric spaces are geometrically characterized by the fact that the (local)
geodesic symmetries are isometries. This classical result motivated the study of
Riemannian manifolds whose geodesic symmetries satisfy some weaker condition
aimed to characterize some generalizations of locally symmetric spaces. The study
of D’Atri spaces [23] is just a significant example, where the geodesic symmetries
are assumed to be volume-preserving. Within this general problem, other kinds of
geodesic reflections (with respect to higher-dimensional submanifolds) were also in-
vestigated [20, 21, 42] as well as other kinds of geodesic transformations generalizing
the similarities and inversions of the Euclidean space (see [22, 31]).
Generalized symmetric spaces appear in a natural way when considering local
transformations in a neighbourhood of a fixed point which are not necessarily in-
volutive (s2p = Id), but satisfying s
k
p = Id for some constant k ≥ 3. Recall that
a s-structure in a pseudo-Riemannian manifold (M, g) is a family {sp, p ∈ M}
of isometries of the manifold (which are called symmetries in p) such that p is
an isolated fixed point. A s-structure is said to be regular if the application
(p, q) ∈ M × M → sp(q) is smooth and for each pair of points p, q ∈ M one
has sp ◦ sq = sp ◦ sp, where p = sp(q). Moreover, a s-structure {sp} is said to be
of order k (k ≥ 2) if for all p ∈M , skp = IdM , and k is the minimum of all natural
numbers satisfying this property. A s-structure is of infinity order if there is no
natural number k such that skp = IdM . Examples of s-structures of order 3 and 4
are naturally related to the existence of certain almost Hermitian structures (see,
for example, [32, 39]).
A generalized symmetric space is a pseudo-Riemannian manifold (M, g) which
admits at least a regular s-structure. Kowalski showed that all generalized sym-
metric spaces are necessarily homogeneous and classify them in dimension ≤ 5 [37].
While the only three-dimensional (Riemannian or Lorentzian) generalized symmet-
ric space is the Lie group sol3, the situation is richer in dimension four. Despite of
the fact that there is a single Riemannian four-dimensional generalized symmetric
space (which is of order 3), in the neutral signature setting there exist general-
ized symmetric spaces which are of order 3 or infinity. (Four-dimensional examples
do not exist in the Lorentzian signature). Besides their own interest, it is worth
mentioning that generalized symmetric spaces are the underlying structure of some
natural geometrical conditions (see, for example, [3, 29] and the references therein).
The classification of pseudo-Riemannian four-dimensional generalized symmetric
spaces was given by Cˇerny´ and Kowalski in [19], where they obtained four types of
generalized symmetric spaces, which actually reduce to three as Remark 8 shows.
In what follows we consider the three non-symmetric different classes and investi-
gate their geometry, constructing some additional structures which, in some cases
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completely characterize them. Some of these structures were already constructed
by Calvaruso [11] in a purely algebraic way. It is worth emphasizing that our
construction strongly depends on curvature properties. Most of the calculations,
although long and tedious, are rather straightforward and therefore we have kept
them at minimum aimed to make the paper more clear and readable.
2.1. Almost Ka¨hler and opposite Ka¨hler structure of generalized sym-
metric spaces of Type I. Generalized symmetric spaces of Type I are of order
3, and the corresponding pseudo-Riemannian metric may be positive definite or
of neutral signature. The model space (M, g) corresponds to R4 with coordinates
(x, y, u, v) and metric
(4)
g = ±[(
√
1 + x2 + y2 − x)du◦du+ (
√
1 + x2 + y2 + x)dv◦dv − 2ydu◦dv]
+λ[(1 + y2)dx◦dx+ (1 + x2)dy◦dy − 2xydx◦dy]/(1 + x2 + y2),
where λ is a non-null constant. The possible metric signatures are (4, 0), (0, 4) and
(2, 2).
Next we show how the curvature tensor (by means of the Weyl conformal cur-
vature operator) gives rise to a structure of symplectic pair on (M, g) with parallel
opposite symplectic structure. We construct the structures in the positive definite
case, being the construction completely analogous in the neutral signature setting.
Assume the metric signature in (4) is (++++) (assuming, without lost of generality,
λ > 0), and consider the local orthonormal basis
e1 =
1√
λ(x2 + y2)
(−y∂x + x∂y), e2 =
√
x2 + y2 + 1
λ (x2 + y2)
(x∂x + y∂y),
e3 =
x+
√
x2 + y2√
2yµ−1
∂u +
1√
2µ−1
∂v, e4 =
x−
√
x2 + y2√
2yµ1
∂u +
1√
2µ1
∂v,
where µε(x, y) =
√
−
√
x2+y2
εy2+
(
x−
√
x2+y2+1
)(
xε+
√
x2+y2
) , (ε = ±1).
Consider the orientation on M given by the basis {e1, . . . , e4}. Then a long
but straightforward calculation shows that the self-dual and anti-self-dual Weyl
curvature operators can be written with respect to the orthonormal basis {E±i } of
Λ± given by (1) as follows:
W+ =

 12λ 0 00 − 14λ 0
0 0 − 14λ

 , W− =

 − 12λ 0 00 14λ 0
0 0 14λ

 .
These operators, W±, have a distinguished eigenvalue, ± 12λ , whose associated
eigenspace is generated by E±1 .
Note that the local construction above depends exclusively on curvature proper-
ties, and hence it is invariant by local isometries. As generalized symmetric spaces
are homogeneous and we assume that they are simply connected (in other case we
would work at universal cover level) we have that ker(W±∓ 12λ IdΛ±) define a self-
dual 2-form and an anti-self-dual 2-form, Ω± =
√
2E±1 , globally on M . Moreover,
Ω+ ∧ Ω− = 0, Ω+ ∧ Ω+ = −Ω− ∧ Ω−,
and hence (Ω+,Ω−) defines a symplectic pair on M if both forms Ω± are closed.
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We start with the self-dual 2-form Ω+ = e
1∧ e2+ e3∧ e4. The 2-form Ω+ induce
an almost Hermitian structure J+ on M , defined by g(J+X,Y ) = Ω+(X,Y ) and
hence Ω+ can be written in local coordinates as
Ω+ =
λ√
x2 + y2 + 1
dy ∧ dx + du ∧ dv.
A long but straightforward calculation shows that Ω+ is a symplectic form (i.e.,
dΩ+ = 0). In an analogous way, the anti-self-dual 2-form Ω− = e1 ∧ e2 − e3 ∧ e4
induces an almost Hermitian structure J− onM defined by g(J−X,Y ) = Ω−(X,Y )
and hence Ω− can be written in local coordinates as
Ω− =
λ√
x2 + y2 + 1
dy ∧ dx− du ∧ dv.
A direct computation shows that Ω− is a symplectic structure. Furthermore, the
2-form Ω− is parallel and (g, J−) is an opposite Ka¨hler structure.
In the neutral signature case one proceeds in a completely analogous way. It is,
however, worth emphasizing that the orthonormal basis {E±1 , E±2 , E±3 } is now of
Lorentzian signature and that both one-dimensional subspaces ker(W± ∓ 12λ IdΛ±)
are spacelike. Hence, the corresponding 2-forms induce almost Hermitian structures
on (M, g). Finally, observe that in the case of neutral signature (−−++) the almost
complex structure and the Ka¨hler form of an almost Hermitian structure induce
opposite orientations on M .
It is well-known that the Ricci operator Ric of any Ka¨hler manifold is invari-
ant by the complex structure, and hence Ric J− = J−Ric. Moreover, an explicit
calculation shows that the Ricci operator of (4) is given by
Ric = − 3
2λ


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 ,
and thus the Ricci operator is J+-invariant (i.e., Ric J+ = J+Ric).
Summarizing the above, we have:
Theorem 1. Any four-dimensional generalized symmetric space of Type I is natu-
rally equipped with a symplectic pair (Ω+,Ω−) such that (M, g,Ω+,Ω−) is an almost
Ka¨hler and opposite Ka¨hler manifold with J±-invariant Ricci operator.
As an application of the results in [4, 6] one has:
Corollary 2. Any four-dimensional generalized symmetric space of Type I is a
strictly almost Ka¨hler manifold foliated by two complementary foliations with min-
imal surfaces whose induced metric is definite.
Remark 3. It follows from the expressions of W± above that the self-dual and
the anti-self-dual Weyl curvature operators have a distinguished eigenvalue whose
corresponding one-dimensional eigenspace is spacelike. Hence (in opposition to
the results in [14]) the underlying metric of any Type I generalized symmetric
space of neutral signature cannot admit any Walker structure with respect to any
orientation, since in such a case the corresponding distinguished eigenspace should
be timelike [28].
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2.2. Almost para-Ka¨hler and opposite para-Ka¨hler structure of general-
ized symmetric spaces of Type II. Generalized symmetric spaces of Type II
have infinite order, and the corresponding pseudo-Riemannian metric is of neutral
signature. The model space (M, g) corresponds to the space R4 with coordinates
(x, y, u, v) and metric
(5)
g = (sinh(2u)− cosh(2u) sin(2v))dx ◦ dx
+(sinh(2u) + cosh(2u) sin(2v))dy ◦ dy
−2 cosh(2u) cos(2v)dx ◦ dy + λ(du ◦ du − cosh2(2u)dv ◦ dv),
where λ is a non-zero real constant.
Next we proceed as in the previous subsection and construct a structure of
symplectic pair on (M, g) by using the self-dual and anti-self-dual Weyl curvature
operators. Consider the following local orthonormal frame given by (we assume
λ > 0):
e1 =
1√
λ cosh(2u)
∂v, e2 =
1√
2e−2u
1−sin(2v)
((sec(2v) + tan(2v))∂x + ∂y) ,
e3 =
1√
λ
∂u, e4 =
1√
2e2u
1+sin(2v)
((tan(2v)− sec(2v))∂x) + ∂y) ,
where e1, e2 are timelike and e3 and e4 are spacelike. Then the self-dual and anti-
self-dual Weyl curvature operators can be written with respect to the orthonormal
basis {E±i } of Λ± defined at (1) as follows:
W+ =

 − 1λ 0 00 2
λ
0
0 0 − 1
λ

 , W− =

 1λ 0 00 − 2
λ
0
0 0 1
λ

 .
Both operators have a distinguished eigenvalue, ± 2
λ
, of multiplicity one. Since
the metric (5) is of neutral signature, the induced metrics on Λ± have Lorentzian
signature. In opposition to the previously discussed case of Type I, the restriction
of the metric to ker(W±∓ 2
λ
IdΛ±) is negative definite and hence, any local section
of such subbundles is timelike. Since (M, g) is simply connected (otherwise we move
to the universal cover), denote by Ω± =
√
2E±2 the self-dual and the anti-self-dual
2-forms defined as sections of ker(W± ∓ 2
λ
IdΛ±). Then ‖Ω±‖ = −2 from where
it follows that Ω± are the Ka¨hler forms of two almost para-Hermitian structures
(g, J±) defined by g(J±X,Y ) = Ω±(X,Y ), which induce opposite orientations.
Now, a direct calculation shows that Ω+ = e
1 ∧ e3 + e2 ∧ e4 expresses in local
coordinates as
Ω+ = dx ∧ dy + λ cosh(2u)dv ∧ du
and it is closed, which shows that (g, J+) is an almost para-Ka¨hler structure on M .
Analogously, the anti-self-dual 2-form Ω− = e1 ∧ e3 − e2 ∧ e4 expresses in local
coordinates as
Ω− = −dx ∧ dy + λ cosh(2u)dv ∧ du,
and it is closed as well. Moreover, it follows that ∇Ω− = 0 and hence (g, J−) is an
opposite para-Ka¨hler structure.
Recall that the local construction above depends exclusively on curvature prop-
erties, and hence it is invariant by local isometries. As the generalized symmetric
spaces are homogeneous and we are assuming that they are simply connected, the
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structures (g, J±) are globally defined on M . Moreover, a direct calculation from
(5) shows that the Ricci operator is given by
Ric = − 6
λ


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

 ,
showing that it is J+-invariant. Summarizing all the above we have:
Theorem 4. Any four-dimensional generalized symmetric space of Type II is natu-
rally equipped with a symplectic pair (Ω+,Ω−) such that (M, g,Ω+,Ω−) is an almost
para-Ka¨hler and opposite para-Ka¨hler manifold with J±-invariant Ricci operator.
Again, as an application of the results in [4, 6] one has:
Corollary 5. Any four-dimensional generalized symmetric space of Type II is a
strictly almost para-Ka¨hler manifold foliated by two complementary foliations with
minimal surfaces whose induced metric is Lorentzian.
Remark 6. Any four-dimensional generalized symmetric space of Type II is op-
posite para-Ka¨hler and hence the underlying metric is a Walker one, since the
±1-eigenspaces of J− are null parallel plane fields on (M, g) (see [7] for more infor-
mation on Walker manifolds).
2.3. Conformal structure of generalized symmetric spaces of Type III.
As well as for Type I, generalized symmetric spaces of Type III are of order three.
The corresponding pseudo-Riemannian metric is of neutral signature and the model
space (M, g) corresponds to the space R4 with coordinates (x, y, u, v) and metric
(6) g = λ(dx ◦ dx+ dy ◦ dy + dx ◦ dy) + e−y(2dx+ dy) ◦ dv + e−x(dx+ 2dy) ◦ du,
where λ ∈ R.
In opposition to the previously discussed types I and II, the Weyl conformal
curvature operator of a four-dimensional Type III generalized symmetric space does
not seem to provide useful information. Indeed, assuming λ > 0, a straightforward
calculation shows that
e1 =
1√
3λ
∂x − 2√
3λ
∂y, e2 =
1√
λ
∂x,
e3 =
1√
λ
∂y − ex
√
λ∂u, e4 = − 2√
3λ
∂x +
1√
3λ
∂y − e
x
√
λ√
3
∂u +
2ey
√
λ√
3
∂v
is a local orthonormal basis, where e1, e2 are spacelike and e3, e4 are timelike vector
fields. Then, the self-dual and the anti-self-dual Weyl curvature operators express
in the associated orthonormal basis (1) as
W+ = 13λ

 4 2 −2
√
3
−2 −1 √3
2
√
3
√
3 −3

 , W− =

 0 0 00 0 0
0 0 0

 ,
which shows that the self-dual Weyl curvature operator is two-step nilpotent.
Actually, metrics (6) have a distinguished conformal structure depending on the
parameter λ. Recall that a pseudo-Riemannian manifold is said to be conformally
symmetric if the Weyl tensor is parallel. Moreover, while any Riemannian confor-
mally symmetric manifold is either symmetric (i.e., ∇R = 0) or locally conformally
10 E. CALVIN˜O-LOUZAO, E. GARCI´A-RI´O, M.E. VA´ZQUEZ-ABAL, R. VA´ZQUEZ-LORENZO
flat (i.e.,W = 0), there exist non-trivial examples in the general pseudo-Riemannian
setting.
Theorem 7. Any four-dimensional generalized symmetric space of Type III is con-
formally symmetric. Moreover, it is locally conformally flat if and only if the pa-
rameter λ in (6) vanishes.
Remark 8. The original classification of four-dimensional generalized symmetric
spaces contained a fourth family of metrics of Lorentzian signature, whose model
space corresponds to R4 with coordinates (x, y, z, t) and metric
(7) g = ± (e2tdx ◦ dx+ e−2tdy ◦ dy + dz ◦ dt) .
These metrics correspond to double warped product manifolds N ×f1 R×f2 R with
flat basis N ≡ (R2(z, t), dz ◦ dt) and warping functions f1(z, t) = et, f2(z, t) = e−t.
It was shown in [9] that a multiply warped product as above is locally conformally
flat if and only if
(i) The conformal metric gi = f
−2
i dz ◦ dt is of constant sectional curvature,
i = 1, 2.
(ii) The warping functions satisfy the compatibility condition
∆f1
f1
+
∆f2
f2
= 2
〈∇f1,∇f2〉
f1f2
.
Condition (i) is trivially satisfied. On the other hand, for an arbitrary function
f(z, t) on N we have ∆f = 4 ∂
2f
∂z∂t
and ∇f = 2∂f
∂t
∂z + 2
∂f
∂z
∂t, from where (ii)
follows and thus the metrics given by (7) are locally conformally flat. Moreover, a
straightforward calculation shows that the Ricci tensor of any metric (7) is parallel
and hence metrics (7) are locally symmetric. Furthermore, they are Cahen-Wallach
symmetric spaces so we skip them in what follows since we are interested in the
non-symmetric cases.
3. Characterizations
It is well-known that any four-dimensional (complete and simply connected)
homogeneous Riemannian manifold is either symmetric or a Lie group. Although
a similar result is not true in full generality for Lorentzian or neutral signature
(see, for example [14]), all four-dimensional generalized symmetric spaces share
this property, a fact which follows as a consequence of the results below.
3.1. Characterizing Type I generalized symmetric spaces. Riemannian four-
dimensional manifolds admitting a strictly almost Ka¨hler structure (g, J+) and op-
posite Ka¨hler structure (g, J−) such that the Ricci operator is J+-invariant have
been investigated in [3] showing that they are homogeneous and locally isometric to
the unique Riemannian generalized symmetric space (see also [29]). This result has
been extended by the authors in [17] to the neutral signature case, thus resulting in
the following characterization of Type I generalized symmetric spaces. (Recall that
the roles of J+ and J− must be changed in the following theorem when considering
the neutral signature case, since J± and Ω± induce opposite orientations in that
setting).
Theorem 9. [3, 17] Let (M, g) be a four-dimensional pseudo-Riemannian manifold.
Then (M, g) is locally isometric to a Type I generalized symmetric space if and
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only if (M, g) admits a strictly almost Ka¨hler structure (g, J+) and opposite Ka¨hler
structure (g, J−) such that the Ricci operator is J+-invariant.
Remark 10. Any Type I generalized symmetric space is locally isometric to a
Lie group G whose Lie algebra is given by g = Span{e1, e2, e3, e4} with non-zero
brackets
[e1, e3] = e1 + 2αe2, [e1, e4] = αe1, [e2, e3] = −e2,
[e2, e4] = −2e1 − αe2, [e3, e4] = −2αe3 − 2e4,
and the left-invariant metric which makes {e1, e2, e3, e4} an orthonormal basis of
signature either (+ + ++) or (−−++).
Moreover, Type I generalized symmetric spaces are characterized by the existence
of an almost Ka¨hler structure (g, J+) and an opposite Ka¨hler structure (g, J−)
with J+-invariant Ricci operator so that the curvature tensor is J+-invariant (i.e.,
R(J+X, J+Y, J+Z, J+V ) = R(X,Y, Z, V )).
Remark 11. As a consequence of the previous analysis, all the almost Ka¨hler and
opposite Ka¨hler structures constructed in [11] are locally isomorphic.
3.2. Type II generalized symmetric spaces. First of all, it is worth empha-
sizing that a characterization result like that of Theorem 9 cannot be expected
for Type II generalized symmetric spaces. This is due to the existence of four-
dimensional manifolds (M, g) which are not locally homogeneous and which admit
a strictly almost para-Ka¨hler structure (g, J+) and opposite para-Ka¨hler structure
(g, J−) with J+-invariant Ricci operator.
Moreover, even in the homogeneous case, the authors showed in [17] the existence
of strictly almost para-Ka¨hler structures and opposite para-Ka¨hler structures with
invariant Ricci operator that are not locally isometric to any Type II generalized
symmetric spaces. A detailed examination of four-dimensional Lie groups admitting
a pair of structures as above leads to the following possibilities.
Lemma 12. Let G be a four-dimensional Lie group and g a left-invariant metric
on G. Let (Ω+,Ω−) be a symplectic pair induced by almost para-Ka¨hler structures
(J+, J−) on (G, g) such that Ω− is parallel and the Ricci operator is J+-invariant.
Then one of the following possibilities holds:
(i) The self-dual and anti-self-dual Weyl curvature operators are diagonaliz-
able.
(ii) The minimal polynomial of the self-dual Weyl curvature operator has a
double root.
(iii) The metric is self-dual and the self-dual Weyl curvature operator is two-step
nilpotent and non-flat.
Proof. Let (Ω+,Ω−) be a symplectic pair on (G, g). Then there exist two com-
plementary minimal foliations F and G defined by 2-forms ωF and ωG satisfying
Ω± = 12 (ωF ± ωG). Let {e1, e2, e3, e4} be an orthonormal basis of the Lie algebra
g with e1, e2 timelike and e3, e4 spacelike, such that Ω± = e1 ∧ e3 ± e2 ∧ e4 or,
equivalently, the structures J− and J+ express in the above basis as
J− =


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 , J+ =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 .
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Moreover, since the corresponding distributions G = span{e1, e3} and F = span{e2, e4}
are integrable, the Lie brackets can be expressed as follows
(8)


[e1, e2] = a1e1 + b1e2 + c1e3 + d1e4,
[e1, e3] = a2e1 + c2e3,
[e1, e4] = a3e1 + b3e2 + c3e3 + d3e4,
[e2, e3] = a4e1 + b4e2 + c4e3 + d4e4,
[e2, e4] = b5e2 + d5e4,
[e3, e4] = a6e1 + b6e2 + c6e3 + d6e4.
Now, the fact that both foliations F and G have minimal leaves implies that
c4 = a1, c6 = −a3, d3 = −b1 and d6 = b4.
Since we are assuming that the opposite structure J− is para-Ka¨hler, it must be
integrable (equivalently, its Nijenhuis tensor vanishes identically). This condition
translates to the Lie algebra as c1 = −2a3− a4, c3 = −2a1+ a6, d1 = b3+2b4, and
d4 = 2b1 − b6.
Summarizing the above, the expression of the brackets in (8) reduces to
(9)


[e1, e2] = a1e1 + b1e2 − (2a3 + a4)e3 + (b3 + 2b4)e4,
[e1, e3] = a2e1 + c2e3,
[e1, e4] = a3e1 + b3e2 + (a6 − 2a1)e3 − b1e4,
[e2, e3] = a4e1 + b4e2 + a1e3 + (2b1 − b6)e4,
[e2, e4] = b5e2 + d5e4,
[e3, e4] = a6e1 + b6e2 − a3e3 + b4e4.
A standard calculation shows that the almost para-Ka¨hler structure J+ is integrable
if and only if the constants a1, a3, b1 and b4 vanish. Hence, we assume that a1, a3,
b1, and b4 do not vanish simultaneously.
Now, observe that (9) defines a Lie algebra if and only if (just verifying the
Jacobi identity):
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(10)
a1a2 + a1b4 + a6(b3 + 2b4) + a3(2b1 − b6)− a4(b1 + c2) = 0,
a2b1 + 2b1b3 + 2b4b6 − b4c2 = 0,
a1(2a4 + b5) + a3(2a6 + d5) = 0,
a4b5 − 2a3a4 − 2a1a6 − a6d5 = 0,
b4b5 − a6b1 − a4b3 − a3b4 − a1b6 − b6d5 = 0,
b4b5 − a2a3 − a6c2 − b6d5 = 0,
2b3b4 − a2b3 + 2b1b6 − b6c2 = 0,
b4(a2 + 2(b3 + b4))− 2b21 + b1(2b6 − c2) = 0,
2a23 − 2a21 + a3b5 + a4b5 + a1d5 − a6d5 = 0,
2a1b4 − a1b3 − a6b4 + b1b5 + a4b6 + a3(b1 + 2b6) + b3d5 = 0,
a2a6 − 2a1a2 − b1b5 − a3c2 − b3d5 = 0,
a6(b3 + 2b4)− b1(a4 − 2a3 + 2b5) + b6(b5 − a3) + b4(a1 + d5) = 0,
b1d5 − 5a1b1 − a4(2b3 + b4)− a3(b3 + 6b4)− b3b5 − b6(a6 + 2d5) = 0,
a2(2a3 + a4)− 2a6b1 + a3b3 + 4a3b4 + a4b4 + a6b6 + a1(5b1 − 2b6 + c2) = 0.
The proof now follows by a computed-aided calculation. All possible solutions
of (10) can be explicitly obtained showing the structure of the self-dual and anti-
self-dual Weyl curvature operators as in the statement. 
Remark 13. Illustrating the previous result, recall from [17] the following simple
examples corresponding to the different possibilities in Lemma 12:
(1) Consider the four-dimensional Lie algebra given by the non-zero brackets
[e1, e2] = −2αe3, [e1, e4] = αe1, [e2, e4] = −2αe2, [e3, e4] = −αe3.
Then (Ω+,Ω−) defined as in the proof of Lemma 12 is a strictly almost
para-Ka¨hler and opposite para-Ka¨hler structure if and only if α 6= 0 with
commuting Ricci operator. The self-dual and anti-self-dual Weyl curvature
operators are given by
W+ =

 −α2 0 00 2α2 0
0 0 −α2

 , W− =

 α2 0 00 −2α2 0
0 0 α2

 .
(2) Consider the four-dimensional Lie algebra given by the non-zero brackets
[e1, e2] = −e1 − e3, [e1, e4] = e1 + (α+ 2)e3, [e2, e3] = −e1 − e3,
[e2, e4] = 2(α+ 1)e2, [e3, e4] = αe1 − e3.
Then (Ω+,Ω−) defined as in the proof of Lemma 12 is a strictly almost para-
Ka¨hler and opposite para-Ka¨hler structure with commuting Ricci operator.
Now the self-dual and anti-self-dual Weyl curvature operators are
W+ =

 23
(
α2 − 4α− 5) 0 4(α+ 1)
0 − 43 (α+ 1)2 0
−4(α+ 1) 0 23
(
α2 + 8α+ 7
)

 ,
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and
W− =

 23 (α+ 1)2 0 00 − 43 (α+ 1)2 0
0 0 23 (α+ 1)
2

 .
Observe that W+ is diagonalizable if and only if α = −1, in which case the
manifold is flat.
(3) Consider the four-dimensional Lie algebra given by the non-zero brackets
[e1, e2] = −e1 − e3, [e1, e4] = e1 + e3, [e2, e3] = −e1 − e3,
[e2, e4] = αe2 + αe4, [e3, e4] = −e1 − e3.
Then (Ω+,Ω−) defined as in the proof of Lemma 12 is a strictly almost para-
Ka¨hler and opposite para-Ka¨hler structure with commuting Ricci operator.
Moreover, the induced metric is self-dual (i.e., W− = 0) and Ricci flat, with
self-dual Weyl curvature operator given by
W+ =

 −2α 0 2α0 0 0
−2α 0 2α

 ,
which shows that W+ is two-step nilpotent (and non-flat for any α 6= 0).
Lemma 12 shows that one may not expect to characterize Type II generalized
symmetric spaces by the existence of an almost para-Ka¨hler and opposite para-
Ka¨hler structure with invariant Ricci operator, even when restricting to the ho-
mogeneous setting. Indeed an additional condition on the diagonalizability of the
self-dual and anti-self-dual Weyl curvature operators must be assumed.
Remark 14. Considering those almost Hermitian manifolds whose curvature ten-
sor resembles that of a Ka¨hler manifold, Gray introduced the following identities:
(G1) R(X,Y, Z, V ) = R(X,Y, JZ, JV ),
(G2) R(X,Y, Z, V )−R(JX, JY, Z, V ) = R(JX, Y, JZ, V ) +R(JX, Y, Z, JV ),
(G3) R(X,Y, Z, V ) = R(JX, JY, JZ, JV ).
Obviously, (G3) ⇒ (G2) ⇒ (G1). Moreover, a four-dimensional almost Ka¨hler
manifold satisfies (G3) if and only if the Ka¨hler form Ω is an eigenvector of the cur-
vature operator acting on Λ2 and the Ricci tensor is J-invariant. Further, condition
(G2) means that the Ricci operator and the self-dual Weyl curvature operator have
the same symmetries as they have in the Ka¨hler case. In fact, a four-dimensional
almost Ka¨hler structure (g, J) satisfying (G3) also satisfies (G2) if and only if the
norm of the covariant derivative of the Ka¨hler form, ‖∇Ω‖, is constant [3].
The identities above take the following form in the para-Hermitian setting:
(G1) R(X,Y, Z, V ) = −R(X,Y, JZ, JV ),
(G2) R(X,Y, Z, V ) +R(JX, JY, Z, V ) = −R(JX,Y, JZ, V )−R(JX,Y, Z, JV ),
(G3) R(X,Y, Z, V ) = R(JX, JY, JZ, JV ).
Now, observe that all Lie groups in Remark 13 satisfy the identity (G3), but only
the Lie group in Remark 13-(1) satisfy (G2). This shows that the constancy of
‖∇Ω‖ is not a sufficient condition for an almost para-Ka¨hler (G3)-manifold to be
(G2) in contrast with the corresponding almost Hermitian situation (see [3]).
Closely related, observe that Lie groups corresponding to Remark 13-(1) have
‖∇Ω‖2 = 83τ 6= 0, while the corresponding almost para-Ka¨hler structures corre-
sponding to cases (2)− (3) in Remark 13 are isotropic Ka¨hler (i.e., ‖∇Ω‖ = 0)
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In order to obtain our results we will extensively use the following criterion for
local conformal equivalence of pseudo-Riemannian metrics, which immediately fol-
lows from the work of Hall [33]. It is well-known that the Weyl conformal curvature
tensor of a pseudo-Riemannian manifold only depends on the conformal class of the
metric. Indeed, if g and g = e2σg are conformally related metrics, then the asso-
ciated (1, 3)-Weyl conformal curvature tensors W and W coincide with each other
(equivalently, the (0, 4)-Weyl conformal curvature tensors satisfy W = e2σW ). A
possible converse of the above statement holds true under some non-degeneracy
conditions on the Weyl tensor as follows.
Lemma 15. [33] Let (M, g) be a pseudo-Riemannian manifold whose Weyl con-
formal curvature operator has maximal rank. Then any other metric g on M with
the same (1, 3)-Weyl conformal curvature tensor is locally conformally equivalent
to the metric g.
Now, as an application of Lemma 12 and Lemma 15 we have the following:
Theorem 16. Let G be a four-dimensional Lie group and g a left-invariant metric
on G. Then (G, g) is locally isometric (up to homothety) to a Type II generalized
symmetric space if and only if (G, g) admits a strictly almost para-Ka¨hler structure
J+ and an opposite para-Ka¨hler structure J− such that the Ricci tensor is J+-
invariant and the self-dual and the anti-self-dual Weyl curvature operators W± are
non-zero and diagonalizable.
Proof. First of all recall that the scalar curvature of any Type II generalized sym-
metric space is given by τ = − 12
λ
. A straightforward calculation shows that the
self-dual and anti-self-dual Weyl curvature operators of any Lie group corresponding
to Lemma 12–(i) are given by
W+ =
τ
12
diag[1,−2, 1] and W− = τ
12
diag[−1, 2,−1].
Moreover, the Ricci operator of any such Lie group is diagonalizable of the form
Ric = τ2 diag[0, 0, 1, 1]. This shows that the Weyl curvature operator is of maximal
rank unless the manifold is flat, and thus Lemma 15 implies that all Lie groups
given by Lemma 12–(1) are conformally equivalent to the generalized symmetric
space (5).
Next fix the scalar curvature of a Lie group as above to be the scalar curvature
of a metric (5), which is given by τ = − 12
λ
.
Let g and g = e2σg be two conformally related metrics and let {ei} and {ei =
e−σei} be local orthonormal basis. Then the corresponding basis {E±i } and {E
±
i }
of Λ± are related by E
±
i = e
2σE±i . Since the self-dual and anti-self-dual Weyl
curvature operators of g and g coincide, both have ± τ6 as a distinguished eigen-
value. Considering local sections Ω± and Ω± = e2σΩ±, define almost para-complex
structures J± and J± as in Section 2.2, which are related as follows:
g(J±X,Y ) = Ω±(X,Y ) = e2σΩ±(X,Y ) = e2σg(J±X,Y )
= g(J±X,Y ),
which shows that the Weyl curvature tensors of any two conformally related metrics
g and g = e2σg determine the same almost para-complex structures J±. Now,
since (g, J−) and (g, J−) are para-Ka¨hler, it immediately follows that the conformal
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factor is an homothety and hence an isometry for any fixed value of the scalar
curvature. 
Remark 17. Alternatively, observe that the non-zero entries of the (0, 4)-Weyl
curvature tensor of any Lie group as in the above Theorem are given (up to the usual
symmetries) by W1234 = W1423 = − 1λ and W1324 = − 2λ . Now, a straightforward
calculation shows that the norm of the Weyl tensor of any such Lie group agrees
with the norm of the Weyl tensor of the Type II generalized symmetric space
defined by (5), which becomes ‖W‖2 = giαgjβgkγgℓδWijkℓWαβγδ = 48λ2 , from where
it follows that the conformal factor is necessarily constant, and thus, all such Lie
groups (G, g) are homothetic.
Proceeding in a completely analogous way, all Lie groups (G, g) as in Lemma
12–(ii) are also homothetically equivalent.
Theorem 18. Any four-dimensional Lie group G with a left-invariant metric g ad-
mitting a strictly almost para-Ka¨hler structure (g, J+) and an opposite para-Ka¨hler
structure (g, J−) such that the Ricci tensor is J+-invariant and such that the mini-
mal polynomial of the self-dual Weyl curvature operator has a non-zero double root
are locally homothetic.
Proof. Being an opposite para-Ka¨hler manifold, the anti-self-dual Weyl curvature
operator is diagonalizable of the form W− = τ12 diag[−1, 2,−1]. Moreover, a
straightforward calculation shows that the self-dual Weyl curvature operator of
any Lie group corresponding to Lemma 12–(ii) has the same eigenvalue structure
thatW−, i.e. W+ has eigenvalues τ6 and − τ12 , the latter with multiplicity two being
a double root of the minimal polynomial. Hence, the Weyl curvature operator is of
maximal rank unless the scalar curvature vanishes (in which case the manifold is
Ricci flat and self-dual). Then Lemma 15 shows that any two such Lie groups are
conformally equivalent and the proof follows as in the previous theorem. 
Remark 19. Considering the Weyl curvature operator of any Lie group as in
Lemma 12–(ii), it decomposes as W = W+ +W− and hence ‖W‖2 = ‖W+‖2 +
‖W−‖2. Now, since the Lie group admits an opposite para-Ka¨hler structure,
‖W−‖2 = 124τ2. Moreover, since the self-dual Weyl curvature operator has the
same eigenvalues as W− but with opposite sign and it has a double root of its min-
imal polynomial, a straightforward calculation shows that ‖W+‖2 = 124τ2. Hence
‖W‖2 = 112τ2 6= 0. Hence, any two conformally related such metrics must be
homothetic.
The remaining class of almost para-Ka¨hler and opposite para-Ka¨hler structures
at Lemma 12-(iii) are self-dual and Einstein (indeed Ricci flat). Hence they are
Osserman manifolds and the corresponding Jacobi operators are two-step nilpo-
tent. Since any para-Ka¨hler metric is a Walker one, it follows (see for example
[7] for the discussion of Ricci flat self-dual Walker metrics) that (G, g) is locally a
Riemannian extension (3) of a flat affine surface (Σ, D). Moreover, in such a case
the Walker structure is strict (i.e., the parallel degenerate distribution is spanned
by two parallel null vector fields), and one has the following:
Theorem 20. Any four-dimensional Lie group G with a left-invariant metric g ad-
mitting a strictly almost para-Ka¨hler structure (g, J+) and an opposite para-Ka¨hler
structure (g, J−) such that the Ricci tensor is J+-invariant and the self-dual Weyl
GEOMETRIC PROPERTIES OF GENERALIZED SYMMETRIC SPACES 17
curvature operator vanishes is locally a Riemannian extension (T ∗Σ, gD,Φ) of a flat
affine surface (Σ, D). Hence, there exist coordinates (x1, x2, y1, y2) where the metric
expresses as
g = 2 dxi ◦ dyi + f(x1, x2)dy2 ◦ dy2
for some function f(x1, x2) defined on Σ.
3.3. Characterizing Type III generalized symmetric spaces. Finally we con-
sider the third class of four-dimensional generalized symmetric spaces from the point
of view of Theorem 7, which shows that the constant λ plays an important role,
distinguishing the locally conformally flat examples.
The case λ 6= 0 is settled as follows:
Theorem 21. Let (M, g) be a four-dimensional non-symmetric homogeneous space
of neutral signature. Then (M, g) is locally isometric to the generalized symmetric
space of Type III if and only if (M, g) is strictly conformally symmetric with negative
semidefinite Ricci tensor and rank 2 Ricci operator.
Proof. Recall from Theorem 7 that any Type III generalized symmetric space with
λ 6= 0 is conformally symmetric. It was shown in [26] that the Ricci operator
of any strictly conformally symmetric manifold (i.e., ∇W = 0 but W 6= 0 and
∇R 6= 0) satisfies rank(Ric) ≤ 2. Moreover, the Weyl curvature tensor is completely
determined by the Ricci tensor as FW = − 12ρ⊙ρ, where ⊙ is the Kulkarni-Nomizu
product and F is a function which vanishes at those points where rank(Ric) ≤ 1.
Now, it follows from (6) that the Ricci operator, Ric, and the Ricci tensor, ρ,
are given by
Ric =


0 0 0 0
0 0 0 0
0 − 43ex 0 0
− 43ey 0 0 0

 , ρ =


− 43 − 23 0 0
− 23 − 43 0 0
0 0 0 0
0 0 0 0

 ,
which shows that Ric is two-step nilpotent and that ρ is negative semidefinite.
Moreover, a straightforward calculation from (6) shows that the Weyl tensor is
given by W = 3λ16 ρ ⊙ ρ, and hence FW = − 12ρ ⊙ ρ for the function F given by
F = − 83λ . This shows that the Ricci operator is of rank 2.
Finally, note that Derdzinski showed in [25] the existence of a unique confor-
mally symmetric homogeneous space whose Ricci operator has rank 2 and whose
corresponding Ricci tensor is negative semidefinite, and this ends the proof. 
It follows from the work in [25] that the metric of any homogeneous confor-
mally symmetric as in Theorem 21 is locally isometric to a Riemannian extension
(T ∗Σ, gD,Φ), where (Σ, D) is a projectively flat affine surface and Φ is a symmetric
(0, 2)-tensor field on Σ. We summarize this observation in the following
Theorem 22. [27] Any conformally symmetric generalized symmetric space of Type
III is locally isometric to the Riemannian extension (T ∗Σ, gD,Φ) where (Σ, D) is a
projectively flat surface given by the Christoffel symbols
Γ111 = −e−
1
3
ln 4, Γ212 = Γ
2
21 = e
− 1
3
ln 4, Γ122 = e
− 1
3
ln 4,
and Φ is a (0, 2)-tensor on Σ given by Φ = − 316λe
7
6
ln 4 Id.
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Recall that a pseudo-Riemannian manifold is said to be semi-symmetric if the
curvature tensor at each point is that of a symmetric space, possibly changing from
point to point. This condition is equivalent to R(X,Y ) ·R = 0, where R(X,Y ) acts
on R as a derivation, and a direct calculation shows that a Type III generalized
symmetric space is semi-symmetric if and only if it is locally conformally flat. That
is the reason why the treatment of the case λ = 0 is completely different to the case
λ 6= 0 studied above.
Theorem 23. Any locally conformally flat generalized symmetric space of Type III
is the Riemannian extension (T ∗Σ, gD) of an affine surface (Σ, D), where D is a
projectively flat affine connection with symmetric and non-degenerate Ricci tensor.
Proof. A direct calculation shows that the distribution D = Span{∂u, ∂v} in the
generalized symmetric space of Type III is null and parallel, and therefore this
space is a Walker manifold [7]. Moreover, it follows from [1] that this space is a
Riemannian extension of a surface Σ equipped with a projectively flat affine con-
nection D. Now, a long but straightforward calculation shows that R(a, b)R(c, d) =
R(c, d)R(a, b) for any vector fields a, b, c, d, and thus the Ricci tensor of the affine
surface Σ is symmetric [8]. Finally, it is easy to show that (T ∗Σ, gD) is not Ivanov-
Petrova and hence the Ricci tensor of the affine surface (Σ, D) is not degenerate
(we refer to [18] for more details). 
4. Appendix
Because of some incorrectness we have encountered in recent studies investigating
the geometry of four-dimensional generalized symmetric spaces, in what follows we
give an explicit description of the Levi-Civita connection and the (0, 4)-curvature
tensor corresponding to the different generalized symmetric spaces.
Type I. It follows from Theorem 9 and Remark 10 that any Type I generalized
symmetric space is locally isometric to a metric Lie group (G, g) whose Lie algebra
is given by g = Span{e1, e2, e3, e4} with non-zero brackets
[e1, e3] = e1 + 2αe2, [e1, e4] = αe1, [e2, e3] = −e2,
[e2, e4] = −2e1 − αe2, [e3, e4] = −2αe3 − 2e4,
and the left-invariant metric which makes {e1, e2, e3, e4} an orthonormal basis of
signature either (++++) or (−−++). Both cases are described simultaneously by
setting η = +1 (resp., η = −1) in the Riemannian (resp., pseudo-Riemannian) case.
Now, a straightforward calculation shows that the Levi-Civita connection of any
Type I generalized symmetric space is given (with respect to a suitable orthonormal
basis of left-invariant vector fields on G) by
∇e1e1 = −η(e3 + αe4) ∇e1e2 = η(e4 − αe3) ∇e1e3 = e1 + αe2 ∇e1e4 = αe1 − e2
∇e2e1 = η(e4 − αe3) ∇e2e2 = η(e3 + αe4) ∇e2e3 = αe1 − e2 ∇e2e4 = −e1 − αe2
∇e3e1 = −αe2 ∇e3e2 = αe1 ∇e3e3 = 2αe4 ∇e3e4 = −2αe3
∇e4e1 = −e2 ∇e4e2 = e1 ∇e4e3 = 2e4 ∇e4e4 = −2e3
and the corresponding curvature tensor is determined (up to the usual symmetries)
by the non-zero components
R1212 = ηR1234 =
1
2R3443 = 2(α
2 + 1),
R1331 = R1324 = R1441 = R1432 = R2332 = R2442 = η(α
2 + 1).
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It immediately follows that the Ricci operator is diagonal on the basis {e1, . . . , e4} of
the form Ric = −6(α2+1) diag[0, 0, 1, 1], and the scalar curvature τ = −12(α2+1).
Type II. It follows from Theorem 16 and Remark 13 that any Type II generalized
symmetric space is locally isometric to a metric Lie group (G, g) whose Lie algebra
is given by g = Span{e1, e2, e3, e4} with non-zero brackets
[e1, e2] = −2αe3, [e1, e4] = αe1, [e2, e4] = −2αe2, [e3, e4] = −αe3
and the left-invariant metric which makes {e1, e2, e3, e4} an orthonormal basis of
signature (−−++). Now, a straightforward calculation shows that the Levi-Civita
connection of any Type II generalized symmetric space is given (with respect to a
suitable orthonormal basis of left-invariant vector fields on G) by
∇e1e1 = αe4 ∇e1e2 = −αe3 ∇e1e3 = −αe2 ∇e1e4 = αe1
∇e2e1 = αe3 ∇e2e2 = −2αe4 ∇e2e3 = αe1 ∇e2e4 = −2αe2
∇e3e1 = −αe2 ∇e3e2 = αe1 ∇e3e3 = αe4 ∇e3e4 = −αe3
∇e4e1 = 0 ∇e4e2 = 0 ∇e4e3 = 0 ∇e4e4 = 0
and the corresponding curvature tensor is determined (up to the usual symmetries)
by the non-zero components
R1331 = R1342 =
1
2R2424 = 2α
2,
R1221 = R1243 = R1414 = R1432 = R2323 = R3443 = α
2.
It immediately follows that the Ricci operator is diagonal on the basis {e1, . . . , e4}
of the form Ric = −6α2 diag[0, 1, 0, 1], and the scalar curvature τ = −12α2.
Type III. As discussed in Section 2.3, consider the space R4 with coordinates
(x, y, u, v) and the metric
g = λ(dx ◦ dx+ dy ◦ dy + dx ◦ dy) + e−y(2dx+ dy) ◦ dv + e−x(dx+ 2dy) ◦ du,
where λ ∈ R. We analyze separately the conformally flat and non-conformally flat
cases. Assuming λ = 0, let {e1, . . . , e4} be the orthonomal frame given by
e1 = ∂y − ex2 ∂u, e2 = 2√3∂x +
7ex
6
√
3
∂u − 4ey3√3∂v,
e3 = ∂x − 12∂y − e
x
3 ∂u +
2ey
3 ∂v, e4 = − 1√3∂x −
√
3
2 ∂y − 4e
x
3
√
3
∂u +
2ey
3
√
3
∂v.
Then the Levi-Civita connection is given by
∇e1e1 = 118 (2
√
3e2 − 15e3 +
√
3e4) ∇e1e2 = − 13√3 (e1 + e3 −
√
3e4)
∇e1e3 = − 56e1 − 13√3 (e2 + 2e4) ∇e1e4 =
1
6
√
3
(e1 + 2
√
3e2 + 4e3)
∇e2e1 = − 19 (5e2 − 2(
√
3e3 + e4)) ∇e2e2 = 118 (10e1 + 19e3 + 11
√
3e4)
∇e2e3 = 118 (4
√
3e1 + 19e2 + 20e4) ∇e2e4 = 118 (4e1 + 11
√
3e2 − 20e3)
∇e3e1 = 12 (
√
3e2 − e3 +
√
3e4) ∇e3e2 = − 12√3 (3e1 − e3 +
√
3e4)
∇e3e3 = − 16 (3e1 −
√
3(e2 − e4)) ∇e3e4 = 12√3 (3e1 −
√
3e2 + e3)
∇e4e1 = 118 (11e2 +
√
3e3 + e4) ∇e4e2 = − 118 (11e1 + 11e3 + 13
√
3e4)
∇e4e3 = 118 (
√
3e1 − 11e2 − 13e4) ∇e4e4 = 118 (e1 − 13(
√
3e2 − e3))
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Further, the curvature tensor expresses as
R1212 = −2R1214 = 4R1414 = −4R2323 = −2R2334 = −R3434 = 149 ,
R1313 = −R2424 = − 16 ,
R1213 =
3
4R1224 = −2R1314 = − 32R1323
= − 34R1334 = − 32R1424 = −2R2324 = −R2434 = 1√3 .
Next, assume λ 6= 0 in (6) and consider the orthonormal frame
e1 =
1√
λ
∂y − ex
√
λ∂u, e2 = − 2√3λ∂x +
1√
3λ
∂y − ex
√
λ√
3
∂u +
2ey
√
λ√
3
∂v,
e3 =
1√
3λ
∂x − 2√3λ∂y, e4 =
1√
λ
∂x.
A straightforward calculation shows that the Levi-Civita connection is given by
∇e1e1 = − 13√λ(
√
3e2 +
√
3e3 + 3e4) ∇e1e2 = 1√3λe1
∇e1e3 = − 1√3λ (e1 − e4) ∇e1e4 = −
1
3
√
λ
(3e1 +
√
3e3)
∇e2e1 = − 13√λ(3e2 + 3e3 +
√
3e4) ∇e2e2 = 13√λ (3e1 + 2
√
3e3)
∇e2e3 = − 13√λ(3e1 − 2
√
3e2 − 3e4) ∇e2e4 = − 1√3λ(e1 +
√
3e3)
∇e3e1 = 16√λ(3e3 +
√
3e4) ∇e3e2 = 16√λ (
√
3e3 − 3e4)
∇e3e3 = 16√λ(3e1 +
√
3e2) ∇e3e4 = 16√λ (
√
3e1 − 3e2)
∇e4e1 = 16√λ(
√
3e3 − 3e4) ∇e4e2 = − 16√λ(3e3 +
√
3e4)
∇e4e3 = 16√λ(
√
3e1 − 3e2) ∇e4e4 = − 16√λ(3e1 +
√
3e2)
Hence, the curvature is determined by
R1212 = −3R1213 = −
√
3R1214 =
√
3R1223 = −3R1224 = 3R1234
= 12R1313= 4
√
3R1314= −4
√
3R1323= 12R1324= 4R1414
= −4R1423= 4
√
3R1424= 4R2323= −4
√
3R2324= 12R2424= −3R3434= 2λ .
Remark 24. An immediate consequence of the expressions of the Levi-Civita con-
nection in this Appendix and the work in [15] is that any four-dimensional gener-
alized symmetric space is locally a Lie group.
It follows from previous expressions for the Levi-Civita connection that any
complete and simply connected Type III generalized symmetric space is a Lie group
which is given by a Lie algebra as follows with respect to an orthonormal basis
{e1, . . . , e4} of signature (−−++).
[e1, e2]=
√
3
3
√
λ
(
e1 +
√
3e2 +
√
3e3 + e4
)
[e1, e3]=−
√
3
6
√
λ
(
2e1 −
√
3e3 + e4
)
[e1, e4]=− 12√λ
(
2e1 −
√
3e3 + e4
)
[e2, e4]=−
√
3
6
√
λ
(
2e1 +
√
3e3 − e4
)
[e2, e3]=
1
6
√
λ
(−6e1 + 4√3e2 −√3e3 + 9e4)
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if λ 6= 0, and
[e1, e2] =
1
9
(−√3e1 + 5e2 − 3√3e3 + e4)
[e1, e3] =
1
18
(−15e1 − 11√3e2 + 9e3 − 13√3e4)
[e1, e4] =
1
18
(√
3e1 − 5e2 + 3
√
3e3 − e4
)
[e2, e3] =
1
18
(
13
√
3e1 + 19e2 − 3
√
3e3 + 29e4
)
[e2, e4] =
1
18
(
15e1 + 11
√
3e2 − 9e3 + 13
√
3e4
)
[e3, e4] =
1
18
(
8
√
3e1 + 2e2 + 3
√
3e3 + 13e4
)
if λ = 0.
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